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Abstract
The parabolic Schrödinger operator P = ∂
∂t
− ∆ + V on parabolic spaces Rn × [0, T ] is consid-
ered. The boundedness of the operator ∇2( ∂
∂t
− ∆ + V )−1 on Lp(Rn × [0, T ]) is obtained.
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1. Introduction and notation
In [7] Z. Shen has considered the Schrödinger operator
P = −∆ + V on Rn, n 3,
where V (x) is a nonnegative potential. Under the assumption that V belongs to the re-
verse Hölder class Bq for some q  n/2 he proved the Lp boundedness of the operator
∇2(−∆ + V )−1, where 1 < p < q . He also showed that the ranges of p are optimal.
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Z. Shen in [7].
Assume Rn × [0, T ] is a parabolic space, where T is a finite positive number. We en-
dow Rn × [0, T ] with following parabolic metric: |x − y| = max{|x′ − y′|, |s − t |1/2},
for every x = (x′, t), y = (y′, s) ∈ Rn × [0, T ]. We define parabolic cubes of center x =
(x′, t) ∈ Rn × [0, T ] and radius r by B(x, r) = {y = (y′, s) ∈ Rn × [0, T ]: |x′ − y′| < r ,
|s − t | < r2} = B(x′, r) × (t − r2, t + r2).
We consider the parabolic Schrödinger differential operator
P = ∂
∂t
− ∆ + V (x′) on Rn × [0, T ], n 3, (1)
where ∆ = ∂2
∂x21
+ ∂2
∂x22
+ · · · + ∂2
∂x2n
, x′ = (x1, x2, . . . , xn) ∈ Rn, and V (x′) is a nonnega-
tive potential independent of variable t . We are interested in Lp estimate of the operator
∇2( ∂
∂t
− ∆ + V )−1.
Note that a nonnegative locally Lp integrable function V (x′) on Rn is said to belong
to Bq , 1 < q < ∞, if there exists C > 0 such that the reverse Hölder inequality{
1
|B|
∫
B
[
V (x′)
]q
dx′
} 1
q
 C 1|B|
∫
B
V (x′) dx′ (2)
holds for every ball B in Rn (see [5,6]).
One remarkable feature about the Bq class is that, if V ∈ Bq for some q > 1, then
there exists ε > 0, which depends only on n and the constant C in (2) such that V ∈ Bq+ε
(see [5]).
Now, we state our main result in this paper.
Theorem 1.1. Suppose V ∈ Bq for some q  n2µ with 0 < µ < nn+2 . Then, for 1 p  q ,∥∥∥∥∇2
(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp‖f ‖p, (3)
where ∇ = ( ∂
∂x1
, ∂
∂x2
, . . . , ∂
∂xn
), x′ = (x1, x2, . . . , xn) ∈ Rn, Cp depends only on p,n,T
and the constant in (2).
Throughout this paper, unless otherwise indicated, we will use C and c to denote con-
stants, which are not necessarily the same at each occurrence, which depend at most on the
constant in (2) and the dimension n. By A ∼ B , we mean that there exist constants C > 0
and c > 0, such that c A
B
C.
2. The auxiliary function m(x′,V )We assume that V ∈ Bq for some q > n2a and 0 < a < n2 .
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B(x′,2r)
V (y′) dy′ C0
∫
B(x′,r)
V (y′) dy′. (4)
In fact, if V ∈ Bq , q > 1, then V is a Muckenhoupt A∞ weight (see [8]). The following
lemma is obvious.
Lemma 2.1. There exists C > 0 such that 0 < r < R < ∞, 0 < a < n2 ,
1
rn−2a
∫
B(x′,r)
V (y′) dy′  C
(
R
r
) n
q
−2a 1
Rn−2a
∫
B(x′,R)
V (y′) dy′. (5)
Proof. By Hölder inequality and (2),
1
|B(x′, r)|
∫
B(x′,r)
V (y′) dy′ 
{
1
|B(x′, r)|
∫
B(x′,r)
[
V (y′)
]q
dy′
} 1
q

(
R
r
) n
q
{
1
|B(x′,R)|
∫
B(x′,R)
[
V (y′)
]q
dy′
} 1
q
 C
(
R
r
) n
q
{
1
|B(x′,R)|
∫
B(x′,R)
V (y′) dy′
}
.
So we have
1
rn−2a
∫
B(x′,r)
V (y′) dy′  C
(
R
r
) n
q
−2a 1
Rn−2a
∫
B(x′,R)
V (y′) dy′. 
By Lemma 2.1 and the assumption q > n2a , we see that for any x
′ ∈Rn,
lim
r→0
1
rn−2a
∫
B(x′,r)
V (y′) dy′ = 0 (6)
and
lim
r→∞
1
rn−2a
∫
B(x′,r)
V (y′) dy′ = ∞. (7)
Now, we define the auxiliary function m(x′,V ), which differs slightly with the defini-
tion given in [7].
Definition 2.2. For x′ ∈Rn, the function m(x′,V ) is defined by
1
′ = sup
{
r:
1
n−2a
∫
V (y′) dy′  1
}
. (8)m(x ,V ) r>0 r
B(x′,r)
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m(x′,V ) , then
1
rn−2a
∫
B(x′,r)
V (y′) dy′ = 1. (9)
The following lemmas are very useful to us and can be proved by the methods similar
to [7].
Lemma 2.3. There exist C > 0, c > 0 and k0 > 0, such that for x′, y′ ∈Rn,
(a) m(x′,V ) ∼ m(y′,V ), if |x′ − y′| < c
m(x′,V )
;
(b) m(y′,V ) C
{
1 + |x′ − y′|m(x′,V )}k0m(x′,V );
(c) m(y′,V ) cm(x
′,V )
{1 + |x′ − y′|m(x′,V )}
k0
k0+1
.
Lemma 2.4. There exist C > 0, c > 0 and k0 > 0, such that for any x′, y′ ∈Rn,
c
{
1 + |x′ − y′|m(y′,V )} 1k0+1  1 + |x′ − y′|m(x′,V )
 C
{
1 + |x′ − y′|m(y′,V )}k0+1. (10)
Lemma 2.5. There exist C > 0 and k0 > 0 such that, if Rm(x′,V ) 1, then
1
Rn−2a
∫
B(x′,R)
V (y′) dy′  C
{
Rm(x′,V )
}k0 . (11)
We end this section with a lemma due to C. Fefferman and D.H. Phong [3], which plays
the crucial role in the estimates of the fundamental solution for the parabolic Schrödinger
operator ∂
∂t
− ∆ + V .
Lemma 2.6. Let u(x′, t) ∈ C1c (Rn × [0, T ]). Then∫
Rn×[0,T ]
u(x)2m(x′,V )2 dx C
{ ∫
Rn×[0,T ]
∣∣∇u(x)∣∣2 dx + ∫
Rn×[0,T ]
u(x)2V (x′) dx
}
.
The proof of Lemma 2.6 is easily got by the result of Lemma 1.9 in [7].
3. Estimates of fundamental solutions
This section is devoted to the estimates of fundamental solution for the operator ∂
∂t
−
∆ + V on Rn × [0, T ]. From now on, we will replace a in above section by µ (0 < µ <n
n+2 ), then all results in above section still be true.
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n
n+2 .
First of all, we will show Cacciopoli’s inequality with parabolic type.
Lemma 3.1 (Cacciopoli’s inequality with parabolic type). Assume ∂
∂s
u − ∆u + V u = 0 in
B(x, r), then∫
B(x,r/2)
|∇u|2 dy +
∫
B(x,r/2)
V |u|2 dy  C
r2
∫
B(x,r)
|u|2 dy (12)
holds for every r > 0.
Proof. Choose φ(y) ∈ C∞0 (B(x, r)), such that
φ(y) ≡ 1 on B(x, r), ∣∣φ(y)∣∣ 1,
and ∣∣∣∣∂α∂y φ(y)
∣∣∣∣Cαr−|α|,
∣∣∣∣∂ |α|∂s φ(y)
∣∣∣∣ Cαr−2|α|.
Multiply the equation by φ2u, integrate over B(x, r),∫
B(x,r)
φ2u
∂
∂s
udy −
∫
B(x,r)
φ2u∆udy +
∫
B(x,r)
φ2u2V dy = 0.
By integration by parts, we get∫
B(x,r)
φ2u
∂
∂s
udy =
∫
B(x′,r)
[ ∫
|s−t |<r2
φ2udu
]
dy′
= −
∫
B(x′,r)
[ ∫
|s−t |<r2
u
∂
∂s
(φ2u)ds
]
dy′
= −2
∫
B(x,r)
φu2
∂
∂s
φ dy −
∫
B(x,r)
φ2u
∂
∂s
udy
and ∫
B(x,r)
φ2u
∂
∂s
udy = −
∫
B(x,r)
φu2
∂
∂s
φ dy.
Then∫
B(x,r)
−φu2 ∂
∂s
φ dy −
∫
B(x,r)
φ2u∆udy +
∫
B(x,r)
φ2u2V dy
=
∫
−φu2 ∂ φ dy +
∫
∇u · ∇(φ2u)dy +
∫
φ2u2V dyB(x,r)
∂s
B(x,r) B(x,r)
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∫
B(x,r)
−φu2 ∂
∂s
φ dy + 2
∫
B(x,r)
φ∇u · u∇φ dy +
∫
B(x,r)
|∇u|2φ2 dy
+
∫
B(x,r)
φ2u2V dy
= 0.
By Hölder inequality we have∫
B(x,r)
|∇u|2|φ|2 dy +
∫
B(x,r)
|φ|2|u|2V dy

∫
B(x,r)
|φ|u2
∣∣∣∣ ∂∂s φ
∣∣∣∣dy + 2
∫
B(x,r)
|φ∇u||u∇φ|dy

∫
B(x,r)
|φ|u2
∣∣∣∣ ∂∂s φ
∣∣∣∣dy + 2
(
1
2
∫
B(x,r)
|φ∇u|2 dy
) 1
2
(
2
∫
B(x,r)
|u∇φ|2 dy
) 1
2

∫
B(x,r)
|φ||u2|
∣∣∣∣ ∂∂s φ
∣∣∣∣dy + 12
∫
B(x,r)
|φ|2|∇u|2 dy + 2
∫
B(x,r)
|u|2|∇φ|2 dy.
Hence, ∫
B(x,r)
|∇u|2|φ|2 dy +
∫
B(x,r)
|φ|2|u|2V dy
 2
∫
B(x,r)
|φ||u|2
∣∣∣∣ ∂∂s φ
∣∣∣∣dy + 4
∫
B(x,r)
|u|2|∇φ|2 dy.
Since φ(y) ≡ 1 on B(x, r), |φ(y)|  1, and | ∂α
∂y
φ(y)|  Cαr−|α|, | ∂ |α|∂s φ(y)|  Cαr−2|α|,
we obtain∫
B(x,r/2)
|∇u|2 dy +
∫
B(x,r/2)
V |u|2 dy  C
r2
∫
B(x,r)
|u|2 dy. 
From the proof, we can see that the r2 is not essential, we can replace it by r
(0 <  < 1).
Lemma 3.2. Suppose ∂
∂t
u − ∆u + V u = 0 in B(x0,2R), for some x0 = (x′0, t0) ∈ Rn ×[0, T ],R > 0, and Rm(x′0,V ) 1, then
sup
{∣∣u(x)∣∣: x ∈ B(x0,R)} Ck{1 + Rm(x′0,V )}k
{
1
Rn+2
∫
B(x0,2R)
∣∣u(y)∣∣2 dy
} 1
2
,for any integer k > 0, where Ck depends only on k,n and the constant in (2).
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partial differential equations of second order, we have
sup
{∣∣u(x)∣∣: x ∈ B(x0,R)} C
{
1
Rn+2
∫
B(x0,
3
2 R)
∣∣u(y)∣∣2 dy
} 1
2
.
Now, let η(y) ∈ C∞0 (B(x0, 32R)), such that η(y) ≡ 1 on B(x0,R), |η(y)|  1, and
|∇η(y)| C
R
. Applying Lemma 2.6 to the function uη, we obtain∫
B(x0,R)
m(x′,V )2
∣∣u(x)∣∣2 dx  ∫
Rn×[0,T ]
m(x′,V )2|ηu|2 dx
 C
{ ∫
Rn×[0,T ]
∣∣∇(ηu)∣∣2 dx + ∫
Rn×[0,T ]
|ηu|2V dx
}
 C
{ ∫
B(x0,
3
2 R)
|∇u|2 dx + C
R
∫
B(x0,
3
2 R)
|u||∇u|dx
+ C
R2
∫
B(x0,
3
2 R)
|u|2 dx +
∫
B(x0,
3
2 R)
u2V dx
}
 C
{ ∫
B(x0,
3
2 R)
|∇u|2 dx + C
(
1
R
∫
B(x0,
3
2 R)
|u|2 dx
) 1
2
( ∫
B(x0,
3
2 R)
|∇u|2 dx
) 1
2
+ C
R2
∫
B(x0,
3
2 R)
|u|2 dx +
∫
B(x0,
3
2 R)
u2V dx
}
 C
{ ∫
B(x0,
3
2 R)
|∇u|2 dx +
∫
B(x0,
3
2 R)
u2V dx + C
R2
∫
B(x0,
3
2 R)
|u|2 dx
}
 C
R2
∫
B(x0,2R)
|u|2 dx.
The last inequality used the Cacciopoli’s inequality with parabolic type. Note that, by
part (c) of Lemma 2.3, for x ∈ B(x0,R),
m(x′,V )
Cm(x′0,V )
{1 + |x′ − x′0|m(x′0,V )}
k0
k0+1

Cm(x′0,V )
{1 + Rm(x′0,V )}
k0
k0+1
.Since Rm(x′0,V ) 1, it follows that
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∫
B(x0,R)
|u|2 dx =
∫
B(x0,R)
m(x′,V )2 1
m(x′,V )2
|u|2 dx

C{1 + Rm(x′0,V )}
2k0
k0+1
R2m(x′0,V )2
∫
B(x0,2R)
|u|2 dx
 C
{1 + Rm(x′0,V )}
2
k0+1
∫
B(x0,2R)
|u|2 dx.
Clearly, by iterating above argument, we have∫
B(x0,
3
2 R)
|u|2 dx  Ck{1 + Rm(x′0,V )}k
∫
B(x0,2R)
|u|2 dx, for any k > 0.
So
sup
{∣∣u(x)∣∣: x ∈ B(x0,R)}
 Ck{1 + Rm(x′0,V )}k
{
1
Rn+2
∫
B(x0,2R)
|u|2 dy
} 1
2
. 
Let Γ (x′, t;y′, s) denote the fundamental solution for the parabolic Schrödinger oper-
ator ∂
∂t
− ∆ + V , since V  0 and V ∈ L
n
2µ
loc, it is well known (see [4]) that for x′, y′ ∈Rn,
0 s < t  T ,
Γ (x′, t;y′, s) C|t − s|µ|x′ − y′|n−2µ , µ ∈ (0,1), (13)
where C depends only on n. Since V ∈ B n
2µ
implies that V ∈ Bq for some q > n2µ , the
following theorem follows from Lemma 3.2 and (13).
Theorem 3.3. Suppose V ∈ B n
2µ
, then for any x′, y′ ∈Rn, 0 s < t  T ,
Γ (x′, t;y′, s) Ck{1 + m(x′,V )|x′ − y′|}k
1
|t − s|µ|x′ − y′|n−2µ , µ ∈ (0,1), (14)
where Ck is a constant depending only on n, k and the constant in (2).
Proof. First of all, there exists R1 > 0, when R R1,
Ck
{1 + 32Rm(x′,V )}k
<
1
2
(
2
3
) n+2
2holds. So, for every R R1, by Lemma 3.2, we have
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{∣∣u(x)∣∣: x ∈ B(x0, 32R
)}
 Ck{1 + 32Rm(x′0,V )}k
{
1
( 32R)
n+2
∫
B(x0,2R)
|u|2 dy
} 1
2
 Ck{1 + 32Rm(x′0,V )}k
{
1
Rn+2
∫
B(x0,
3
2 R)
|u|2 dy
} 1
2
+ Ck{1 + 32Rm(x′0,V )}k
{
1
Rn+2
∫
B(x0,2R)/B(x0, 32 R)
|u|2 dy
} 1
2
 Ck{1 + 32Rm(x′0,V )}k
{
1
Rn+2
∫
B(x0,2R)/B(x0, 32 R)
|u|2 dy
} 1
2
.
So, for |x − y|R1, by (13), we have
Γ (x′, t;y′, s) sup
{∣∣Γ (z′, τ ;y′, s)∣∣: z = (z′, τ ) ∈ B(x, 3
2
|x − y|
)}
 Ck{1 + 32 |x − y|m(x′,V )}k
×
{
1
|x − y|n+2
∫
3
2 |x−y||z−x|2|x−y|
∣∣Γ (z′, τ ;y′, s)∣∣2 dz
} 1
2
 Ck{1 + |x − y|m(x′,V )}k
{
1
|x − y|n+2
∫
( 32 |x−y|)2|τ−t |(2|x−y|)2
1
|τ − s|2µ dτ
} 1
2
×
{ ∫
3
2 |x−y||z′−x′|2|x−y|
1
|z′ − y′|2n−4µ dz
′
} 1
2
 Ck{1 + |x − y|m(x′,V )}k
{
1
|x − y|n+2
1
( 54 |t − s|)2µ
∫
|τ−s|5|x−y|2
1dτ
} 1
2
×
{
1
( 12 |x′ − y′|)2n−4µ
∫
|z′−y′|3|x−y|
1dz′
} 1
2
Ck 1 {1 + m(x′,V )|x′ − y′|}k |t − s|µ|x′ − y′|n−2µ .
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5
4
|t − s|
(
3
2
|x − y|
)2
− |t − s| |τ − t | − |t − s| |τ − s| |τ − t | + |t − s|
 5|x − y|2
and
1
2
|x′ − y′| = |z′ − x′| − |y′ − x′| |z′ − y′| |z′ − x′| + |y′ − x′| 3|x − y|.
If R < R1, we have
sup
{∣∣u(x)∣∣: x ∈ B(x0, 32R
)}
 sup
{∣∣u(x)∣∣: x ∈ B(x0, 32R1
)}
 Ck{1 + 32R1m(x′0,V )}k
{
1
Rn+21
∫
B(x0,2R1)/B(x0, 32 R1)
|u|2 dy
} 1
2
 Ck{1 + 32Rm(x′0,V )}k
{
1
Rn+21
∫
B(x0,2R1)/B(x0, 32 R1)
|u|2 dy
} 1
2
.
For |x − y|R1 = |x¯ − y¯|, where x¯ = (x¯′, t¯), y¯ = (y¯′, s¯). Similarly, we obtain
Γ (x′, t;y′, s) Ck{1 + m(x′,V )|x′ − y′|}k
1
|t¯ − s¯|µ|x¯′ − y¯′|n−2µ
 Ck{1 + m(x′,V )|x′ − y′|}k
1
|t − s|µ|x′ − y′|n−2µ .
We finished the proof of Theorem 3.3. 
4. The proof of Theorem 1.1
In this section we give the proof of Theorem 1.1. First of all, we give the following
theorem.
Theorem 4.1. Suppose V ∈ Bq for some q  n2µ (0 < µ < nn+2 ). Then for 1 p  q ,∥∥∥∥V
(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp‖f ‖p, (15)
where C depends only on n,T and the constant in (2).
Proof. Let f ∈ Lp(Rn × [0, T ]), 1 p  q , and
u(x) = u(x′, t) =
t∫ ∫
Γ (x′, t;y′, s)f (y′, s) dy′ ds.
0 Rn
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u(x′, t) =
t∫
0
[ ∫
|y′−x′|<r
Γ (x′, t;y′, s)f (y′, s) dy′
]
ds
+
t∫
0
[ ∫
|y′−x′|r
Γ (x′, t;y′, s)f (y′, s) dy′
]
ds
= u1(x′, t) + u2(x′, t),
where r = 1
m(x′,V ) .
By the properties of Bq class, V ∈ Bq0 for some q0 > q , we have
u1(x
′, t) =
t∫
0
[ ∫
|y′−x′|<r
∣∣f (y′, s)∣∣ 1|t − s|µ|x′ − y′|n−2µ dy′
]
ds

( t∫
0
[ ∫
|y′−x′|<r
∣∣f (y′, s)∣∣q0 dy′
]
ds
) 1
q0
×
( t∫
0
[ ∫
|y′−x′|<r
(
1
|t − s|µ|x′ − y′|n−2µ
)q ′0
dy′
]
ds
) 1
q′0
 Cr2µ−
n
q0 t
1−µ− 1
q0
( t∫
0
∫
|y′−x′|<r
∣∣f (y′, s)∣∣q0 dy′ ds
) 1
q0
,
where we have used Hölder inequality and the fact q0 > n2µ >
1
1−µ . Thus,
T∫
0
∫
Rn
∣∣V (x′)u1(x′, t)∣∣q0 dx′ dt
 C
T∫
0
∫
Rn
∣∣f (y′, s)∣∣q0
×
( T∫
s
∫
|y′−x′|<r
V (x′)q0m(x′,V )n−2µq0 tq0−µq0−1 dx′ dt
)
dy′ ds.
Let R = 1
m(y′,V ) , for |x′ − y′| < 1m(x′,V ) , then 1m(x′,V ) ∼ 1m(y′,V ) , and
T∫ ∫
V (x′)q0m(x′,V )n−2µq0 tq0−µq0−1 dx′ dts |y′−x′|<r
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T∫
s
tq0−µq0−1 dt
∫
|y′−x′|<CR
V (x′)q0m(y′,V )n−2µq0 dx′
 CR2µq0
[(
1
(CR)n
∫
|y′−x′|<CR
V (x′)q0 dx′
) 1
q0
]q0
 C
[
1
(CR)n−2µ
∫
|y′−x′|<CR
V (x′) dx′
]q0
 C,
where we used the part (b) of Lemma 2.3, (2) and Lemma 2.5. So
T∫
0
∫
Rn
∣∣V (x′)u1(x′, t)∣∣q0 dx′ dt  C
T∫
0
∫
Rn
∣∣f (y′, s)∣∣q0 dy′ ds = C‖f ‖q0q0 .
Next, using Hölder inequality and the Bq condition we see that∫
B(x′,R)
V (y′)
|x′ − y′|n−2a dy
′  C
Rn−2a
∫
B(x′,R)
V (y′) dy′. (16)
By (16) we have
T∫
0
∫
Rn
∣∣V (x′)u1(x′, t)∣∣dx′ dt
 C
T∫
0
∫
Rn
V (x′)
( t∫
0
∫
|y′−x′|<r
|f (y′, s)|
|t − s|µ|x′ − y′|n−2µ dy
′ ds
)
dx′ dt
 C
T∫
0
∫
Rn
∣∣f (y′, s)∣∣
( T∫
s
1
|t − s|µ dt
∫
|y′−x′|< 1
m(x′,V )
V (x′)
|x′ − y′|n−2µ dx
′
)
dy′ ds
 C
T∫
0
∫
Rn
∣∣f (y′, s)∣∣
(
1
rn−2µ
∫
|y′−x′|< 1
m(x′,V )
V (x′) dx′
)
dy′ ds = C‖f ‖1.
Therefore, by interpolation,
‖V u1‖p  Cp‖f ‖p, for 1 p  q0.
To finish the proof, we note that, by Theorem 3.3 and Hölder inequality,
∣∣u2(x′, t)∣∣ C
t∫ ∫ |f (y′, s)|
′ ′ ′ k µ ′ ′ n−2µ dy
′ ds0 |y′−x′|r
{1 + |x − y |m(x ,V )} |t − s| |x − y |
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( t∫
0
∫
|y′−x′|r
1
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dy
′ ds
) 1
p′
×
( t∫
0
∫
|y′−x′|r
|f (y′, s)|p
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dy
′ ds
) 1
p
 C
(
t1−µ
∫
|y′−x′|r
1
m(x′,V )1+2µ|x′ − y′|n+1 dy
′
) 1
p′
×
( t∫
0
∫
|y′−x′|r
|f (y′, s)|p
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dy
′ ds
) 1
p
 C
(
t
1−µ
p′ r
2µ
p′
)
×
( t∫
0
∫
|y′−x′|r
|f (y′, s)|p
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dy
′ ds
) 1
p
,
where 1 < p < q0 and r = 1m(x′,V ) . Thus,
T∫
0
∫
Rn
∣∣V (x′)u2(x′, t)∣∣p dx′ dt
 C
T∫
0
∫
Rn
∣∣f (y′, s)∣∣p
×
{ T∫
s
∫
|y′−x′|r
t (1−µ)(p−1)r2µ(p−1)|V (x′)|p
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dx
′ dt
}
dy′ ds,
where
T∫
s
∫
|y′−x′|r
t (1−µ)(p−1)r2µ(p−1)|V (x′)|p
{1 + |x′ − y′|m(x′,V )}k|t − s|µ|x′ − y′|n−2µ dx
′ dt
=
T∫
s
t (1−µ)(p−1)
|t − s|µ dt
×
∫ |V (x′)|p
′ 2µ(p−1) ′ ′ ′ k ′ ′ n−2µ dx
′.|y′−x′|r
m(x ,V ) {1 + |x − y |m(x ,V )} |x − y |
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m(y′,V ) . By the part (b) of Lemmas 2.3
and 2.4 we get∫
|y′−x′|r
|V (x′)|p
m(x′,V )2µ(p−1){1 + |x′ − y′|m(x′,V )}k|x′ − y′|n−2µ dx
′
 C
∫
|y′−x′|CR
|V (x′)|p
m(y′,V )2µ(p−1){1+|x′−y′|m(x′,V )}k−2k0µ(p−1)|x′−y′|n−2µ dx
′
 C
∫
|y′−x′|CR
|V (x′)|p
m(y′,V )2µ(p−1){1+|x′−y′|m(y′,V )}
k−2k0µ(p−1)
k0+1 |x′−y′|n−2µ
dx′
 C
∞∑
j=1
∫
2j−1CR|y′−x′|2jCR
|V (x′)|p
R2µ(1−p){1 + |x′ − y′|R−1}k1 |x′ − y′|n−2µ dx
′
 C
∞∑
j=1
∫
2j−1CR|y′−x′|2jCR
|V (x′)|p
R2µ(1−p){2j−1C}k1 |2j−1CR|n−2µ dx
′
 C
∞∑
j=1
1
(2jCR)n
∫
2j−1CR|y′−x′|2jCR
|V (x′)|p
2j (k1−2µ)R−2µp
dx′
 C
∞∑
j=1
(
C
j
0
(2jR)n
∫
|y′−x′|R
V (x′) dx′
)p
(2j )(−k1+2µ)R2µp
 C
∞∑
j=1
(
1
Rn−2µ
∫
|y′−x′|R
V (x′) dx′
)p[(
C0
2
)p ]j
(2(−k1+2µ))j
= C
(
1
Rn−2µ
∫
|y′−x′|R
V (x′) dx′
)p ∞∑
j=1
[(
C0
2
)p
2(−k1+2µ)
]j
 C,
if we choose k sufficiently large.
For the first integral, it is obvious that φ(s) = ∫ T
s
t(1−µ)(p−1)
|t−s|µ dt is continuous on [0, T ].
So ∣∣φ(s)∣∣ C.
From above we get
T∫
0
∫
Rn
∣∣V (x′)u2(x′, t)∣∣p dx′ dt  C‖f ‖pp.
The theorem is then proved. 
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timates of them (see [1]). For sake of convenience, we endow Rn × [0, T ] with other
parabolic metric d(x, y) = d(x − y), where d(x) = (t + ∑ni=1 x′2)1/2, which coincide
with the parabolic metric introduced in Section 1.1.
Definition 4.2. We say that a function K is a parabolic Calderón–Zygmund kernel (PCZ
kernel) on the space Rn+1 endowed with the metric introduced above, if
(1) K is smooth on Rn+1;
(2) K(rx′, r2t) = r−(n+2)K(x′, t) for any r > 0;
(3) ∫
d(x)=r K(x)dσ (x) = 0 for any r > 0.
Fabes and Riviére (see [2]) showed that
Theorem FR. For every p ∈ (1,+∞), there exists C = C(p,K), such that
‖Kf ‖p  C‖f ‖p. (17)
We definite an operator Rj by
Rjf (x) =
∫
Rn×[0,T ]
y′j
d(y)
f (x − y)dy, f ∈ Lp
Rn×[0,T ]. (18)
Obviously, the kernel K(x) = x
′
j
d(x)
satisfy the three conditions of the PCZ kernel. By
Theorem FR we have
‖Rjf ‖p C‖f ‖p, j = 1,2, . . . , n.
And,
(Rjf )
∧(x) = −i x
′
j
d(x)
f ∧(x).
Then
(∇2f )∧(x) =
n∑
i,j=1
x′ix′j f ∧(x) =
n∑
i,j=1
x′ix′j
t +∑ni=1 x′2i
(
t +
n∑
i=1
x′2i
)
f ∧(x)
= −
n∑
i,j=1
−ix′i
d(x)
−ix′j
d(x)
(
t +
n∑
i=1
x′2i
)
f ∧(x)
=
n∑
i,j=1
(
RiRj
[(
∂
∂t
− ∆
)
f
])∧
(x),
where the Fourier transform of f is a general Fourier transform on Rn × [0, T ] with the
parabolic metric d . By the Lp boundedness of Rj operator with parabolic type, we have
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p
 C
n∑
i,j=1
∥∥∥∥RiRj
[(
∂
∂t
− ∆
)
f
]∥∥∥∥
p
 C
n∑
i,j=1
CiCj
∥∥∥∥
(
∂
∂t
− ∆
)
f
∥∥∥∥
p
 C
∥∥∥∥
(
∂
∂t
− ∆
)
f
∥∥∥∥
p
.
We are now in a position to give the proof of Theorem 1.1. Suppose V ∈ Bq for some
q  n2µ (0 < µ <
n
n+2 ). By Theorem 4.1, we have∥∥∥∥V
(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp‖f ‖p, for 1 p  q.
It follows that, for 1 p  q ,∥∥∥∥
(
∂
∂t
− ∆
)(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 ‖f ‖p +
∥∥∥∥V
(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp‖f ‖p.
Then, for 1 p  q,∥∥∥∥∇2
(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp
∥∥∥∥
(
∂
∂t
− ∆
)(
∂
∂t
− ∆ + V
)−1
f
∥∥∥∥
p
 Cp‖f ‖p.
The proof of Theorem 1.1 is finished. 
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